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Abstract 
Chen, P.B. and T.S. Wu, On exponential groups, Journal of Pure and Applied Algebra 93 (1994) 
169-178. 
Let G be a simply connected solvable analytic group. We say that G is an exponential group if its 
exponential map is bijective. We say that G is an exponential group with real eigenvalues if Ad g has 
only real eigenvalues for every g in G, where Ad is the adjoint representation of G. By a lattice in G, 
we mean a discrete subgroup r of G such that G/r is compact. We denote the collection of all lattices 
in G by Y(G) with the Chabauty topology induced from limit of lattices. Let A(G) be the group of all 
topological automorphisms of G. Equipped with the compact-open topology, A(G) acts on 5“(G) 
continuously. We prove that for every exponential group G with real eigenvalues and for every 
lattice r in G, the orbit A(G)T is locally compact, and we give a counterexample to the case when 
G is merely an exponential group. 
1. Introduction 
Let G be a simply connected solvable analytic group. We say that G is an 
exponential group if its exponential map is bijective. We say that G is an exponential 
group with real eigenvalues if Ad g has only real eigenvalues for every g in G, where Ad 
is the adjoint representation of G [7]. By a lattice in G, we mean a discrete subgroup 
r of G such that G/T is compact. We denote the collection of all lattices in G by Y(G) 
with the Chabauty topology induced from limit of lattices [a]. Let A(G) be the group 
of all topological automorphisms of G. Equipped with the compact-open topology, 
A(G) acts on Y(G) continuously. Consider the statement: for every analytic group 
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G and for every lattice r in G, the subspace A(G)T = {6(r) 16 E A(G)} of Y(G) is 
homeomorphic to A(G)/N(T), where N(T) = (6’ E A(G) 1 t?(r) = r}; or equivalently, 
A(G)T is locally compact. In 1950, Chabauty observed that the statement is true for 
analytic groups R” [2]. In a series of papers around 1970, Wang first pointed out that 
the statement is true for simply connected nilpotent analytic groups via results of 
Malcev, and proved that it is false for simply connected solvable analytic groups in 
general, then using a result of Weil, he showed that the statement is true for 
semisimple analytic groups [IS, lo]. In 1985, using their generalization of Borel’s 
density theorem together with results from Weil and Mostow, Mosak and Moskowitz 
proved that the statement is true for those solvable analytic subgroups of GL(n, R) all 
of whose eigenvalues are real [6]. It is the aim of this paper to study the statement 
when G is an exponential group. We prove that the statement holds for those 
exponential groups with real eigenvalues. Using this result and a splitting introduced 
in [3], we give a counterexample to the statement in the case when G is merely an 
exponential group. 
Notations. If G is a Lie group, then we denote by Z(G) the Lie algebra of G, by Ad the 
adjoint representation of G, by G, the connected component of G that contains the 
identity element, and by A(G) the group of all topological automorphisms of G. 
The set of all integers is denoted by Z, and the set of all real numbers is denoted 
by R. 
2. Exponential groups with real eigenvalues 
Let G be a simply connected solvable analytic group. We say that G is an 
exponential group with real eigenvalues if Ad g has only real eigenvalues for every g in 
G. We use g(G) to denote the collection of all discrete subgroups of G. A sequence 
{D,,} in g(G) is said to converge to a discrete subgroup D of G if for every compact 
subset K of G and for every open neighborhood U of the identity element of G, there is 
a positive integer m such that D n K s UD, and D, n K s UD for every n 2 m. 
Then S(G) becomes a topological space with the Chabauty topology induced from 
limit of discrete subgroups of G [S]. By a lattice in G, we mean a discrete subgroup 
r of G such that G/T is compact. We denote the collection of all lattices in G by Y(G) 
with the relative topology as a subspace of Q(G). Equipped with the compact-open 
topology, A(G) acts on Y(G) continuously. Consider the following statement: for 
every analytic group G and for every lattice r in G, the subspace 
A(G)T = {0(r) 10 E A(G)} of Y(G) is homeomorphic to A(G)/N(r), where 
N(T) = (0 E A(G) 1 d(r) = I->; or equivalently, A(G)T is locally compact. We show 
below that the statement is true for exponential groups with real eigenvalues. 
Theorem 2.1. Let G be an exponential group with real eigenvalues and let r be a lattice 
in G. Then, A(G)T is locally compact. 
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Proof. Let r1 be an element in A(G)T. Since r1 is in Y(G), there is an open 
neighborhood $Y of r1 in 9(G) such that every element of ?V is isomorphic to r1 [S, 
Theorem 41. Let D be an element of YY and let CI be an isomorphism of r1 onto D. 
Denote by E the analytic subgroup of G such that D is a lattice in E [7, Theorem 31. 
Then, c( extends to a topological isomorphism of G onto E [7, Theorem 51. It follows 
that G = E and D is an element of A(G)T. This proves that ?#‘” is contained in A (G)T. 
Since r1 is an arbitrary element of A(G)T, we have shown that A(G)T is open in 9(G); 
a fortiori, A(G)T is open in 9’(G). The local compactness of A(G)T therefore follows 
from the local compactness of Y(G) [S, Corollary 7.71. The proof of the theorem is 
thereby complete. 0 
3. A splitting 
Since a splitting introduced in [3] is essential in our discussion, we state it here for 
completeness. 
Suppose that G is an exponential group; that is, G is a simply connected solvable 
analytic group whose exponential map is bijective. Denote by A,,(Ad G) the smallest 
algebraic subgroup of GL(Y(G)) that contains Ad G and write &(Ad G) = U. T (a 
semidirect product), where U is unipotent and Tis a maximal fully reducible subgroup 
of &(Ad G). Since T is almost a direct product of its largest split torus T, and its 
largest anisotropic torus T,, TO = (T,), . T, (a direct product). Note that the eigen- 
values of every element of (T& are real and the eigenvalues of every element of T, are 
of absolute value 1. For every g inG, we write Adg = u(g)d(g)a(g) with u(g) in U, d(g) 
in (Td)O, and u(g) in T,, and we use y(g) to denote the topological automorphism of 
G such that the differential of q(g) is a(g). Let B = {y(g) 1 g E G}, and let G* = GxlB. 
For simplicity, we identify G and B with their canonical images in G*. Let 
G’ = {gr(g)-l I g E G> and define f: G + G’ by S(g) = gq(g)-I. Then, G’ is an ex- 
ponential group with real eigenvalues, f is a diffeomorphism, and G* = G’ . B (a 
semidirect product). Letf” be the differential off at the identity element of G, and let 
exp: .9’(G) -+ G and exp’: U(G’) + G’ be the exponential maps. First, we make the 
following observation. 
Lemma 3.1. Using the same notations as above, f o exp = exp’ of ‘. 
Proof. Let g1 and g2 be two commuting elements of G. We claim that 
f(glg2) =f(gl)f(g2). TO see this, let Xi be the element of Z’(G) such that exp Xi = gi 
(i = 1,2), where exp : P’(G) + G is the exponential map. Then, p : R --f G and q : R -+ G 
defined by p(t) = exp tX, and q(t) = g,(exp tX,)g; ’ are one-parameter subgroups of 
G such that p(l) = g2 = q(1). From the fact that G is an exponential group, one 
concludes readily that p = q. It follows that (Ad gl)(tX2) = tX, for every real number 
t; and hence, r](gl)(exp tX,) = exp tX,, for every real number t. In particular, 
q(gl)-l(g2) = g2; that is, q(gl)-‘g2 = g2y1(g1)-‘. Together with the facts that B is 
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abelian and q is a homomorphism, we see that f(glgZ) =f(gi)f(g*). This proves our 
claim. 
Let X be an element of 5?(G). Let p be the analytic tangent vector field correspond- 
ing to the ordinary differentiation. Clearly, {p} is a basis for 5?(R). Let r : R -+ G and 
s: [w + G’ be defined by r(t) = exp tX and s(t) = exp’ tf” (X). Then, r is the unique 
analytic homomorphism from R into G such that r”(p) = X, and s is the unique 
analytic homomorphism from R into G’ such that s”(p) =f”(X), where r” and so are 
differentials of r and s, respectively [4, Proposition VII 3.11. On the other hand, it 
follows from our claim above thatfo r is an analytic homomorphism from R into G’ 
and (fO r)“(p) =f” (X). By the uniqueness of s, fo r and s coincide. In particular, 
(fO exp)(X) = (exp’Of”)(X). This proves that f0 exp = exp’ 0f”, and the proof of the 
lemma is complete. 0 
Let R = {g E G 1 Adg has only real eigenvalues). The following lemma follows 
immediately from the definitions of R andf: 
Lemma 3.2. Using the same notations as above, R is a closed characteristic subgroup of 
G, G n G’ = R, and the restriction off to R is the identity map. q 
Let r be a fixed lattice in G such that r is contained in R. Let 0 be any element of 
A(G). By Lemma 3.2, r and e(r) are lattices in G’. It follows from Theorem 5 in [7] 
that the restriction of 8 to r extends uniquely to a topological automorphism 52(e) of 
G’. In view of Proposition 4 in [7], the mapping 52 such defined is a one-to-one map 
from ,4(G) into A(G’). Moreover, we have the following result. 
Theorem 3.3. Using the same notations as above, the map Sz is a topological isomor- 
phism from A(G) onto SZ(A G)). 
Proof. First we claim that 
f0 8 0f-’ = Q(0) for every 8 in A(G). (3.1) 
To this end, let 0 be an element of A(G). Since r is a lattice in G’, there is a basis 
{Xi,. . . , XL) for 9(G’) such that exp’ Xi,. . . , exp’ XL are in r [7, Proposition 41. 
Let iE{l,. . . , p}. Since exp’ Xf is in r which is contained in R, by Lemma 3.2, 
B(exp’X;) is in G’. Let Y,! be the element of Z(G’) such that 
exp’ Y,C = e(exp’ Xi). (3.2) 
If we denote the differential of Q(0) by Q(S)‘, then, by the definition of Q(e), we have 
that exp’ fi(e)‘(X;) = @(exp’ Xi) = exp’ Y,C; and hence, 
sz(e)yx;) = Y;. (3.3) 
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Becausef” : 2’(G) + _F(G’) is a linear isomorphism by Lemma 3.1, there are elements 
Xi and Yi of 9(G) such that 
f”(Xi) = Xl and f”(Yi) = Y,C. (3.4) 
Together with Lemma 3.1, we see thatf(expXJ = exp’ Xi. On the other hand, since 
exp’ Xf is in R, by Lemma 3.2, f(exp’ Xl) = exp’ Xf . Consequently, 
f(exp Xi) = f(exp’ Xi). Because f is one-to-one, exp Xi must coincide with exp’ Xi. 
Similarly, exp Yi = exp’ Y,C. Together with (3.2), we have that 
exp e’(Xi) = 0(exp’ Xl) = exp Yi, where 8” is the differential of 0. And hence, 
e’(Xi) = Yi. From this and (3.3) and (3.4), one concludes readily that 
(f” 0 e’)(Xi) = (a(e)’ of”). (3.5) 
Now, let X be an element of Z(G). Becausef” is a linear isomorphism, {Xi,. . . , X,} 
is a basis for Z(G); and hence, X may be written as t1 X1 + ... + t,X, for some real 
numbers tl, . . . , t,. It follows from Lemma 3.1 and (3.5) that 
(f0 @)(expX) = exp’ i ti(f”0 O’)(Xi) 
i=l 
= exp’ i ti(sz(e)o of”) 
i=l 
= VW) of)(exp X). 
Since X is an arbitrary element of 9’(G), we have shown that S0 0 = sZ(0) 0f: This 
proves our claim. 
If 8i and e2 are elements of A(G), then, by (3.1), 
L?(e,) 0 Q(0,) = fo 010 02 of - l = Lye1 0 e,). 
This proves that s2 is a homomorphism. 
To see that 52 is continuous, let 0 be an element of A(G) and let {e,} be a sequence in 
A(G) that converges to 0. Suppose that {XL} is a sequence in G’ that converges to an 
element x’ of G’. Then, clearly, { f - ‘(XL)} converges tof - ’ (x’) in G. By Theorem 5 in 
Cl]> G4W’W)) converges to e(f - ‘(x’)); and hence, { (fO 0. 0f - ‘)(x6)} converges 
to (fO eOf-‘)(x’). It follows from (3.1) that {Q(&)(x;)} converges to Q(Q(x’). By 
Theorem 5 in [l] again, {Q(e,)} converges to 52(e). This proves that the map 52 is 
continuous. Similarly, one may prove that R is open. This completes the proof. 0 
From the definition of Q, we see that 
0(r) = 52(0)(r) for every 19 in A(G). (3.6) 
Therefore, A(G)T = Q(A(G))T. The following result asserts that the subspace A(G)T 
of 9’(G) is, in fact, homeomorphic to the subspace &?(A(G))T of Y(G’). 
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abelian and u is a homomorphism, we see that f(gi g2) =f(g1)f(g2). This proves our 
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immediately from the definitions of R andf: 
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Let r be a fixed lattice in G such that r is contained in R. Let 0 be any element of 
A(G). By Lemma 3.2, r and e(r) are lattices in G’. It follows from Theorem 5 in [7] 
that the restriction of 8 to r extends uniquely to a topological automorphism 52(o) of 
G’. In view of Proposition 4 in [7], the mapping Q such defined is a one-to-one map 
from A(G) into A(G’). Moreover, we have the following result. 
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To this end, let 8 be an element of A(G). Since f is a lattice in G’, there is a basis 
(X1,. . . , XL) for 9’(G’) such that exp’ Xi, . . . , exp’ XL are in r [7, Proposition 41. 
Let iE{l,. . . , p}. Since exp’ Xf is in r which is contained in R, by Lemma 3.2, 
B(exp’X;) is in G’. Let Y,! be the element of Z(G’) such that 
exp’ YL = 8(exp’ Xi). (3.2) 
If we denote the differential of Q(Q) by Q(S)‘, then, by the definition of Q(0), we have 
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Since &4(G),) [N’(T) n A(G’),] 6i is a locally compact subset of A(G’)0 6i for each 
i= 1,. . ,n,andA(G’),J,,. . . , ,4(G’)o 6, are pairwise disjoint open subsets of A(G’), 
one concludes readily that SZ(A(G),)N’(T) is locally compact; and hence, so is 
Q(A(G),)N’(r)/N’(r). Together with Theorem 2.1 and Theorem 3.4, A(G),r is there- 
fore locally compact. This completes the proof, 0 
4. A counterexample 
In this section, we give an example which shows that Theorem 2.1 is false if G is 
merely an exponential group. 
Let k be a real number such that ek + eCk = 3, and let /1 = ek. For each real number 
ekt cos 271t ek’ sin 2xt 0 0 
- ekt sin 27ct ekt cos 27ct 0 0 
p(t) = I 0 0 e-kt 0 ’ 
\ 0 0 0 e -kf I 
/ekt 0 0 0 
0 ekt 0 0 
4(t) = o 
i 0 emk’ 0 I , M= i -1 l/A 0 1/n -1 0 -l/a. 0 1 - 0 1 l/A 10 0 0 emk’ 
t, we use p(t), q(t), and M to denote the matrices as follows: 
Let G be the exponential group R4xlp(R). By the splitting discussed in Section 3, 
G is homeomorphic to an exponential group G’ with real eigenvalues. It is straightfor- 
ward to check that the group R4x1 q(R) is topologically isomorphic to G’. For 
simplicity, we denote R4 x14(R) by G’. With these notations, the homeomorphism of 
G onto G’ described in Section 2 can be realized as the map f of G onto G’ defined by 
f(v, p(t)) = (0, q(t)) for every 21 in R4 and for every real number t. Since 
Mp(1) M-’ = 
i 00-l 1 1  0 3 -1 03
is in SL(4, Z), we see that r = M-l(z4) xp(z) is a lattice in G and G’. 
Denote by I the 4 by 4 identity matrix. For any integer n, since Mq(n) M - ’ is in 
SL(4, Z), we see that M-‘(z4) c (I - q(n))-‘(M-‘(iF4)). This proves that 
Mmi(.Y4) E 0 nEZ(Z - q(n))-1(M-‘(H4)). On the other hand, because A + l/A = 3, 
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one checks easily that det (I - q(1)) = 1. It follows that JK1(Z4) = 
(I - q(l))-1 (M-‘(Z4)). Consequently, we have that 
AP(Z4) = n9z (I - q(n))-‘(W’(Z4)). (4.1) 
Let C(p(R) and C(q(R)) be the centralizers ofp(R) and q(R) in GL(4, W), respective- 
ly, and let N(q(R)) be the normalizer of q(R) in GL(4, R). A straightforward computa- 
tion shows that 
C(P(R)) = a,b E R, a2 + b2 # 0, X E GL(2, R) 
i 
, 
N(q(W) = C(q(W) u . 
Define @: R4x C(p(R)) -+ A(G) by 
@(u, ‘NW, p(r)) = (E(W) + 
and Y : R4 x N(q(R)) + A(G’) by 
” - P(W), P(O) 
+ u - 4w)>4(t)) if P E C(qUW) 
+ u - 4( - W,d - t)) if P $ C(q@)), 
where u,w E R4, c1 E C(p(R)), p E N(q(R)), and t E R. It is straightforward to check that 
@ and Y are topological isomorphisms. 
Let N’(T) = (6 E A(G’) Id(r) = I’}. Let 6 E N’(T) n Y(R4 x C(q(R)),) and let 
(u, ,!3) E R4 x C(qR)), be such that 6 = Y(v, fl). Let 0 be the origin in R4. Since 
((I - q(n))(o), q(n)) = 6(0, q(n)) E r for every integer II, one concludes readily from 
(4.1) that u E M-‘(Z4). On the other hand, since R4 x {I) = [G’, G’], we have 
that 
K’(P) x (1) = S(iW1(P) x {I}) = /3(MP(P)) x {I}. 
It follows that j? E (M-’ SL(4, Z))M) n C(q(R)),. Because A(G), = Y(R4 x C(q(R)),), 
we have shown that 
N’(T) n A(G’)o E Y(M-‘(Z4) x [(M-‘SL(4,Z)M) n C(q(R)),]). 
Since the opposite inclusion is obvious, we therefore have proved that 
N’(T) n A(G’)o = Y(M-‘(Z4) x [(Mm1 SL(4,Z)M) n C(q(R)),]). (4.2) 
Let 8 be an element of A(G), and let u be the unique element of R4 and rx be the 
unique element of C(p(R)) such that @(v, c() = 8. One concludes readily that the image 
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Q(0) of 8 via the map Sz described in Section 2 is precisely !P(u, a). Since 
A(G), = @V4 x C(p(W),), Q(A(G,)) = Y(R4 x C(p(R)),). It follows from (4.2) that 
Q(A(G),)CN’(T) n 4’%1 
= yv4 x (w4w)o CW l SL(4, WV n Ck@)Ll)). (4.3) 
Now, we are ready to show that A(G)T is not locally compact. Assume that A(G)T 
is locally compact. Then, A(G)T is homeomorphic to A(G)/N(T), where 
N(T) = (6 E A(G) 1 Q(r) = r}. S’ mce A(G)0 is open in A(G), one concludes readily that 
A(G),r is also locally compact. If we let R = {g E G ( Ad g has only real eigenvalues}, 
then r is clearly a subgroup of R. It follows from Corollary 3.5 that 
Q(A(G),)[N’(T) n A(G’),] is locally compact. By (4.3), 
W(W)0 [(M-i SL(4, ‘WW n WI(~))01 
is also locally compact. Consequently, 
C(p@)), is open in C(p@)), CW-’ SL(4, WW n Ck(R))ol. (4.4) 
Since ;1 is an irrational number, by the diophantine approximation, there is an 
increasing sequence {a,> of positive integers such that the sequence {[&I - Aa,} 
converges to 0, where [x] denotes the largest integer less than or equal to the real 
number x. Let n be a positive integer. Let b, = [k,], and let B, be the matrix in 
SL(4, Z) and A, be the matrix in C(p(R)), defined as follows: 
1 B, b, 0 - a, = 
-a,1 3 b, - 3a, 
1 0 0 3 
Then, we have that 
(2 00 
and 
0 
M-‘B,M = I b, - ia, 1 0 0 E 
0 0 l/n b, - (l/&z, 
C(q(W)0, 
’ \ 0 0 0 112 
1 + b, - la, 10 0 
- 1 + b, la, - 1 0 0 
0 0 1 0 
0 0 0 1 
A,M-‘B,M = 
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It follows that {A,M- ‘J&M} is a sequence in 
C(P@))~ CW’ SL(4, z)M) n C(q(W)ol 
and it converges to the matrix 
which is an element in C(p(R)),. By (4.4), for all large II, M-‘&M is in C(p(R)),. Let 
n and m be two distinct positive integer such that M - 1 B,.M and M - ’ B, M are both in 
C(p(R)),. If we denote d = Ab,, + Lb, - Azu, - A2u,, then 
(M-‘B,M)(M-‘B,M)= 
is an element of C(p(tR)),. It follows that d = 0; and hence, b, + b, = A(a, + a,). Since 
A is an irrational number, we have a contradiction. This proves that A(G)T is not 
locally compact. 
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